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Abstract 

This tutorial paper reviews some of the physics of quantum Hall bilayers with a focus on the case where there is 
low or zero tunnelling between the two layers. We describe the interlayer coherent states at filling factors v = 1 
and v = 2 as exciton condensates and discuss some of the theory associated with these states. 
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Over the last decade, a number of extremely im- 
portant advances — both experimental[l,2,3,4,5] 
and theoretical[l,6,7,8,9, 10,11, 12,13,14,15,16,17,18] 
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— have occurred in the held of quantum Hall bi- 
layer physics. In this paper, I hope to convey a 
small subset of the interesting and important the- 
oretical ideas of this field, deferring many other 
fascinating aspects, as well as any detailed discus- 
sion the experiment, to other reviews. The main 
focus of the paper will be on the case where the 
tunnelling between the two layers is vanishingly 
small and "coherence" between the two layers 
occurs due to interactions alone. We will also em- 
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phasize how this physics can be related to the 
concept of an exciton condensate. 



1. Physics at v — 1 

1.1. The Double Well: Let us start by imagining 
a single spinless electron in a double well. We con- 
sider two basis states, \L) = c L \0) and \R) = c' R \0) 
corresponding to the electron in the left and right 
wells respectively. The Hilbert space for a single 
electron is just the space of superpositions 

u\L)+v\R)=(uc\+vc R ) |0) 

with the normalization |u| 2 + |w| 2 = 1. We can also 
think of the two- vector (u, v) as an "isospin" spinor 
with the mapping that the \L) state corresponds to 
isospin-up and the \R) state corresponds to isospin- 
down 



A 



Fig 1: Double Well 
Potential 
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A generic single particle Hamiltonian would con- 
tain a tunnelling term and a potential energy dif- 
ference Va (or potential "bias") between the two 
wells (as shown in Fig. 1), giving us a 2 by 2 matrix 
Schroedinger equation that can be written as 



(1) 



where we will assume t > and real. For "bal- 
anced" layers (Va = 0), the eigenstates are the 
symmetric state u — v with energy = —t and 
the antisymmetric state u = — v with energy E + = 
t. More generally with Va ^ we will have 




E±=± 



(2) 



with eigenstates such that \u\ ^ \v\. We will abuse 
nomenclature and always refer to the the lower en- 
ergy state, which has v/u being positive and real, 



as being the "symmetric" state and the higher en- 
ergy state, which has v/u negative and real, as be- 
ing the "antisymmetric" state. In the absence of 
tunnelling, the energy of any state is always inde- 
pendent of the complex phase <j> of v/u. However, 
when tunnelling is added, the energy is lowest when 
v/u is positive real, and any attempt to change the 
complex phase of v/u will incur an energy cost. 





2: A Bilaycr 
in Perpendicular 
Magnetic Field B 



1.2. Introduction to is = 1 Bilayers: We now turn 
our attention to quantum Hall bilayers 1 . The dou- 
ble well we were considering above now becomes 
extended into two parallel 2-dimensional electron 
sheets, as shown in Fig. 2. When a magnetic field 
B is applied perpendicular to the layers, the non- 
interacting electron states become quantized into 
Landau levels with energies (n + ^)huj c where 
uj c = eB/mc with each Landau level having B/(j) 
states per unit area (here m is the electron mass, c 
the speed of light, e the electron charge, and <po = 
2whe/c the flux quantum with h Planck's con- 
stant). At high enough magnetic field, low energy 
states are restricted to the Lowest Landau level 
(n = 0), and we specify the 2D positional degree 
of freedom within the lowest Landau level (LLL) 
by a single variable X . At each possible value of 
X there are 2 states available for the electron, 
one in each of the wells, with tunnelling between 
the wells analogous to that discussed above. (For 
now we neglect the actual spin of the electron, as- 
suming that the spin is fully polarized, which is a 
good assumption in high enough magnetic field). 
In addition to the simple physics of an electron in 
a double well at each position X, now there will 
also be Coulomb interactions between electrons at 



1 Good general reviews of of many aspects of v ■ 
are given in Reference [1]. 



1 bilayers 



2 



different positions X. At filling 2 fraction v = 1 
there is precisely one electron in the system for 
each possible value of X. If the tunnelling between 
the layers is sufficiently strong, so that the energy 
of the symmetric state is much lower than that 
of the antisymmetric state, then at each position 
X we should fill only the symmetric state and we 
should leave the antisymmetric state empty. The 
multiparticle wavefunction can then be written as 

* = U( uc LX+vc t RX )\0) (3) 

X 

where (u, v) are the coefficients of the symmetric 
eigenstate of the double well which must have v/u 
real and positive. (As discussed above, if there is 
no bias between the two wells, we would have u = 
v in the symmetric state). The resulting state (Eq. 
3) is simply a filled Landau level of electrons in 
the symmetric superposition. This wavefunction is 
certainly the exact ground state in the limit where t 
is large such that the symmetric state is much lower 
energy than the antisymmetric state. Interestingly, 
as we will discuss further below, it is thought that 
this state is also exact in certain circumstances for 
small, or even vanishing t. 

1.3. The v = 1 Quantum Hall Ferromagnet: It is 
extremely interesting to examine the limit where 
the tunnelling t between the layers become small. 
As discussed above for the case of the double quan- 
tum well, in this limit the energy of any superpo- 
sition state is independent of the complex phase <f> 
of v/u. Similarly, when t — > 0, the energy of Eq. 
3 becomes independent of this phase. However, it 
should not be immediately obvious that Eq. 3 is 
the ground state in this limit. If we recall our ar- 
gument that we should fill the symmetric state, 
but leave the antisymmetric state empty, we real- 
ize that this is no longer a valid argument in the 
limit of t — > and Va — > where the symmetric 
and antisymmetric states both have the same en- 
ergy. Despite this degeneracy the electron-electron 
interaction can strongly favor all of the electrons 
being in the same superposition, in which case Eq. 

2 The filling fraction v is defined here to be the total 
number of electrons divided by the number of states per 
layer, which is given by v = n<j>o/B with n the density 



3 remains a valid wavefunction, and indeed can be 
essentially exact in the limit of small spacing be- 
tween the two layers 3 . 

We now think more generally in the case where 
the interlayer bias Va is not zero. For a single elec- 
tron in a double quantum well with t — > and 
nonzero Va, the ground state will consist of the 
electron completely in the well of lower energy. 
(What we call the "symmetric" state — the eigen- 
state with lower energy — in the limit of t = 
is just an electron in the lower well). However, 
when one considers a system of many electrons, due 
to electron-electron interaction, the self-consistent 
ground state will have some density of electrons 
in each of the wells. Indeed, the ground state will 
again be of the form of Eq. 3 where the relative 
magnitude of \u\ 2 and \v\ 2 indicates the relative 
densities in the left and right wells respectively. 
Furthermore, in the limit of t = the energy of 
Eq. 3 must remain independent 4 of the phase <j> of 
v/u so long as this phase is chosen the same at all 
points X in space. 

As mentioned above, the two vector (u, v) with 
\u\ 2 + \v\ 2 = 1 can be thought of a spin-i iso- 
spinor. In the language of spin 5 , the z-component 
(S z ) oc \u\ 2 — \v\ 2 represents the density imbalance 
between the layers. This quantity is fixed by the in- 
terlayer bias Va and the interaction between elec- 
trons. Variation of (S z ) from its preferred value will 
cost "capacitive" energy. On the other hand, the 
azimuthal angle of the spin is given by the phase <fr 
of v/u. As discussed above, when t = 0, no partic- 
ular value of this phase is preferred, so long as the 
phase (or equivalently the iso-spin direction) is cho- 
sen the same at all points in space. This alignment 
of the iso-spin vector at all points in space gives the 
wavefunction Eq. 3 the name "quantum Hall fer- 



3 Changing the layer spacing, of course, changes the in- 
teraction between the layers, and hence can change the 
ground state 

4 When t = 0, the interacting Hamiltonian has a precise 
gauge symmetry which can be expressed as c RX — > ^^c RX 
with the same <j> at all points in space. This guarantees the 
independence of the energy of the wavefunction Eq. 3 as 
the phase </> is varied changed. 

5 The expectation of the components of the spin are given 
by (Si) = (u* ,v*)(7i(u,v) T with cTj the Pauli spin matrices 
and i = x,y, z. 
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romagnet." When the system chooses a particular 
value of 4> among all of the physically equivalent 
possibilities we say there has been a spontaneous 
breaking of symmetry. 

In this limit of no tunnelling between the two 
layers, there is a thus a one parameter family of 
physically equivalent ground states paramterized 
by the phase <fi. This phase is a quantum mechan- 
ical variable that is conjugate to the difference in 
the number of particles between the two layers. In 
Eq. 3 the phase <fr of v/u is well defined, but the 
number of particles in each layer is maximally un- 
certain 6 . Conversely, by making the phase com- 
pletely uncertain, we can construct a wavefunction 
that precisely specifies the number of particles in 
each layer. To do so, we integrate over the phase 
freedom 

*n r = f ^e-^H(uc{ x+ ve^ RX ) |0>(4) 
J x 

and obtain a wavefunction with precisely Nr elec- 
trons on the right side and Nl — N — Nr on the 
left with N the total number of electrons, which at 
v = 1 is equal to the number of spatial orbitals. 

As in all cases, when a spontaneously broken 
symmetry (here 4>) can vary as a function of posi- 
tion, there must be a Goldstone mode correspond- 
ing to long wavelength, low energy variations of 
the broken variable — analogous to the spin wave 
of a ferromagnet. We can study this possibility by 
proposing a wavefunction that allows the phase to 
vary locally 

*(t)=U(ucl x + ve i ^J RX )\0) (5) 
x 

and without loss of generality, we can now take u 
and v both real and positive. As we will argue be- 
low, is a superfluid phase for this system, where 
the superfluid mode corresponds to equal and op- 
posite currents propagating in the two opposite 
layers. 

The local order parameter for this symmetry 
broken state is 

1>x = {c\ x c RX )=uve i +W (6) 

6 It is an easy exercise show that for the wavefunction of 
Eq. 3 the variance in N L - N R is 2\uv JV 1 / 2 . 



which is the expectation of an operator that takes a 
particle out of the right layer and puts it in the left 
layer. It is quite interesting that the expectation 
of this operator can be large (order unity) even for 
infinitesimally small tunnelling between the two 
layers so long as the ground state is still described 
by Eq. 3. 

Further, we can write an expression for the tun- 
nelling current operator between the two layers as 
a function of position 

3lrx = -it{c RX c LX - c lx c rx) ( 7 ) 
whose expectation is given by 

Ulrx) = -it(il)*x -1>x) = 2tuv sh#(A)] (8) 

which appears to be similar to a Josephson cur- 
rent — depending on the superfluid phase, and not 
in any explicit way on the potential bias between 
the two layers. Indeed, in experiments a greatly 
enhanced tunnelling current is observed at very 
low bias[2]. However, this enhanced current also 
has some notable differences with classic Joseph- 
son tunncling[7] and there appears to be no tun- 
nelling current at precisely zero bias. 

We note that when the number of particles in 
each layer is strictly conserved (when t is zero, and 
the system is isolated from the leads), as in Eq. 4, 
the expectation in Eq. 6 is clearly zero. Nonethe- 
less, essentially the same broken symmetry still 
exists, which can be seen by examining a slightly 
more complicated quantity such as 

G x ,x> = (c[x c rx c rx> c lx>) ( 9 ) 

which conserves the particle number in each layer, 
is equal to V'xV'x' f° r the wavefunction Eq. 5, and 
is nonzero (order unity) even for the wavefunction 
Eq. 4. 

1.4. Exciton Language: The state Eq. 3 can 
equally well be thought of as a condensate of 
excitons[6]. To see this, we imagine an effective 
vacuum state given by one of the quantum wells 
being completely empty and the other being a 
completely full LLL. For example, if we write 

|Fillcd-Left) = JJ c\ x |0) (10) 
x 



4 



we then have the wavefunction of Eq. 3 being given 

by 

* = J[ (u + vc RX c LX j |Filled-Left) (11) 

x 

This then appears essentially identical to an ex- 
citon condensate[19] in the standard BCS form 
where the excitons c R c L are now made by taking an 
electron out the filled left band and placing it in the 
previously empty right band. The excitons should 
then be thought of as an electron in the right layer 
bound to a hole in the left layer. Superfluid motion 
of these bound objects now clearly corresponds 
to counter-propagating charge currents as claimed 
above. Indeed, experiments have observed vanish- 
ing resistance for counter-propagating currents [4]. 

It is interesting to note that, as usual with wave- 
functions of BCS form, one can rewrite Eq. 11 in 
a form reminiscent of a coherent state of bosons 7 

* = II e (v/u)b ^ |Filled-Left) (12) 
x 

where b x = c RX c LX is the exciton-boson. Thus, 
we speak of this wavefunction as being a "coher- 
ent" state. The term "spontaneous coherence" is 
often used for the case of zero tunnelling to mean 
that the global formation of this coherent state is 
purely due to electron-electron interaction. This is 
in contrast with the case of finite tunnelling where 
the symmetric superposition (and hence wavefunc- 
tions of the form of Eq. 3) is energetically favored 
even in the absence of interaction. 

We note that, similarly to the above manipu- 
lations, one could have started with a filled right 
LLL band and created excitons of the form c\c R 
to obtain the very same state as follows 

* = II { uc Ix c rx + v ) |Filled-Right) (13) 

x 

In this language, the exciton-boson is instead writ- 
ten as b x — c ! LX c RX which is just bx in the above 
definition we used in describing Eq. 11. Thus, cre- 
ating an exciton in the language of Eq. 13 is the 

7 In going from Eq. 11 to Eq. 12 we use the fact that 
^x^x = °-ue to tne Fermi statistics of the underlying 
electrons. Thus we should think of the excitons as being 
hard-core bosons. 



same as annihilating an exciton in the language of 
Eq. 11. This duality should not surprise us given 
the particle-hole symmetry of a half-filled Lowest 
landau level. Here, we have precisely half of the 
available states filled and it is equally valid to think 
about these states as being half- full of electrons or 
half-full of holes. 

1.5. First Quantized Language: Bilayer wave- 
functions were first proposed in the language of 
first quantized trial wavefunctions[8]. The wave- 
function of Eq. 3 is described MS (X filled Landau 
level of electrons in a particular superposition 
described by the spinor (u, v). We can write this 
wavefunction in first quantized form as 

1- = JJ (u\Li) + v\Ri)) 

i 

^FilledLLL(ri,..-,r N ) (14) 

where the second term is the wavefunction for the 
positional degree of freedom and the first term is 
the wavefunction of the iso-spin or layer degree 
of freedom that puts each electron in the (u,v) 
superposition. 

Of course, when the tunnelling between layers 
is strictly zero, as discussed above, the number of 
electrons in each layer should be a conserved quan- 
tity. As discussed above in Eq. 4 this restriction 
can be enforced properly by integrating over the 
the phase degeneracy <fi of v/u to obtain 

*/V R = VN R ^FilledLLL(ri, ■ ■ ■ , T N ) (15) 

where Vn r is a projection operator that enforces 
that precisely Nr electrons should be on the right 
side. 

We now turn to writing the wavefunction out ex- 
plicitly. In radial gauge, the single electron spatial 
eigenstates of the lowest Landau level are given by 
t Pm( r ) — z( m_1 )e _ l z l Z( 4 ^ ) where I is the magnetic 
length, m ranges from 1 to the number of orbitals 
and z = x + iy is the position r — (x, y) written 
as a complex number. The wavefunction of a filled 
Lowest Landau level is then given by the Slater, or 
Vandermonde, determinant 

^FUiedLLL = det[cp m (r n )} = dct^™- 1 )] (16) 
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i<j 

where we have dropped the Gaussian factors for 
simplicity of notation. 

In the limit where there is strictly no tunnelling 
between the layers, we need only project this wave- 
function such that there are precisely Nr parti- 
cles on the right. In this limit of no tunnelling, 
the particles on the right and the left become dis- 
tinguishable particles, in which case it is conven- 
tional to write the coordinates of the Nr particle 
on the right as Zi and the coordinates of the Nl = 
N — Nr particles on the left as Wi. Performing the 
projection, we then obtain an explicit expression 
for wavefunction Eq. 4 

i<j<N R i<j<N L 

n (zi-wj) as) 

i<N R ;j<N L 

which is the form first written down over twenty 
years ago [8]. Interesting generalizations of this 
wavefunction that may occur at other filling frac- 
tions fields include the possibility of raising the 
first two factors to some odd power m and the last 
factor to some power n to generate the so-called 
mmn-state. For this reason, the wavefunction Eq. 
18, and sometimes the wavefunctions of the form 
Eq. 3, are often called the Ill-state. 

Naturally, as required by Fermi statistics, due 
to the two factors on the first line of Eq. 18, this 
wavefunction vanishes when any two particles in 
the same layer come together (any two z's come 
to the same position or any two w's come to the 
same position). The interesting physics of this 
wavefunction is from the factor on the second line 
- the term that makes the wavefunction also 
vanish when any z comes to the same location as 
any w. This means that wherever there is a parti- 
cle in one layer, the space directly opposite it in 
the other layer cannot have an electron, or equiv- 
alently must have a hole. This binding of electron 
in one layer to a hole in the other is, of course, the 
same exciton that was discussed above in Section 
1.4 in second quantized language. 



1.6. Quantum Disordering the 111 State, In Brief: 
Although the above described 111 state (Eq. 3 or 
Eq. 18) is clearly the exact ground state at high 
enough tunnelling strength, at small tunnelling 
strength it is not so clear that this should be ex- 
act. As mentioned above, it turns out that for 
Coulomb interactions, even at t — the 111 state 
is indeed an exact ground state when the distance 
between the two layers goes to zero 3 . In the oppo- 
site limit, however, where the layers are very very 
far apart, the interaction between the layers drops 
to zero and we should clearly have two separate 
and uncorrelated layers. In the "balanced" case, 
where the density in the two layers is the same, we 
expect that we should end up with two indepen- 
dent layers (not interacting with each other) each 
with half the density (y = 1/2). Fortunately, the 
ground state of such a v = 1/2 single layer system 
is well understood to be described as a compos- 
ite fermion fermi liquid 8 [20] — a state with very 
strong electron-electron correlations within the 
single layer. Indeed, the strong electron-electron 
correlation within the layer can be thought of as 
binding of electron to a correlation hole within 
the same layer [20,21]. Thus, the crossover be- 
tween the 111 state at small layer spacing and the 
composite fermion liquid at large layer spacing is 
one where the inter-layer excitons are replaced by 
intra-layer electron-hole binding. Simultaneously, 
we expect that, as the layer spacing is increased, 
the coherence order parameter ip (Eq. 6) must fall 
from its finite value in the 111 phase to a zero 
value in the composite fermion liquid phase. Ex- 
act diagonalization studies [11] indeed show the 
continuous reduction of the order parameter as 
the layer spacing is increased. This reduction of 
the order in the ground state as the parameter of 
layer spacing is changed, is sometimes known as 
"quantum disorder." 

It is very clear experimentally, in both tunnelling 
and drag experiments, that some sort of crossover 
or phase transition between two very different lim- 



8 It has been proposed [9] that for arbitrarily small (but 
nonzero) interaction strength between the two layers, there 
could still be a Cooper pairing instability of the composite 
fermion fermi seas, although it would certainly occur at 
exponentially low temperature. 
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iting states is occurring[l,2,3,4]. However, the na- 
ture of this crossover is still a topic of theoretical 
discussion[l,10,ll,12,13]. One proposal (made by 
the current author and collaborators [12, 13]) is to 
describe the transition by a set of trial wavefunc- 
tions that allow a variable number of inter- versus 
intra-layer excitons. The crossover is then easily 
described by varying the amount of inter- versus 
intra layer binding. Overlaps of these trial states 
with exact ground states is found to be quite good 
for small systems [12]. 



2. Some Physics at v — 2 

2.1. The Double Well With Spin: We now con- 
sider the more rich[14,15,16,17,18] physics of bilay- 
ers at v = 2. Here, we will consider both the layer 
degree of freedom (which we have called the iso- 
spin) as well as the actual spin degree of freedom 
of the electron. Resorting to our simple model of a 
single electron problem as above in section 1.1, we 
now study a single electron with spin in a double 
well. As discussed above, the spatial wavefunction 
has two eigenstates: the lower energy symmetric 
\S) state and the higher energy antisymmetric \A) 
state with energies ±yjt 2 + V£. When the electron 
has spin, the spin can be in a spin-up eigenstate, 
which we write as | |) or a spin-down state, which 
we write as | J.). In the presence of a magnetic field, 
the spin couples to the magnetic field and there 
will be a Zeeman energy splitting between the up 
and down states which is usually written as 2V Z = 
gyiB. Thus, the spinful electron in the double well 
has a total of four possible eigenstates (See Fig. 3) 
given by \S |), \S J.}, \A f } and \A J.) with energies 



E = ±Jt 



vl±v z 



(19) 



where the first ± is — for the symmetric state and 
+ for the antisymmetric state, and the second ± 
is — for the spin-down state and + for the spin-up 
state. Thus, the symmetric, spin-down state \S [) 
is always the lowest energy state, and is always the 
ground state of the single spinful electron in the 



double quantum well. 
Energy 




v z /^W+vJ 



Fig 3: Schematic energy diagram for 2 electrons in 
a double quantum well as a function of the ratio of 
the Zeeman energy V z = g/iB/2 to the symmetric- 

The thick lines 



antisymmetric splitting 
are filled states below the Fermi energy 



We now turn our attention to the more interest- 
ing case where there are two spinful electrons in 
the double quantum well, and for simplicity, let us 
turn off the interaction between the two electrons. 
Now we should fill the two lowest of the four single 
electron states in the well. Again, the symmetric 
spin-down state IS 1 J,) is always the lowest energy 
state, and should always be filled. If \ft 2 + > 
V z , the second lowest state is the symmetric, spin- 
up state. Filling the lowest two states in this case 
(spin-up and spin-down symmetric states) we ob- 
tain the so-called the S state, where S stands for 
"Symmetric" or "Singlet". On the other hand, if 
yjt 2 + V£ < V z , the second lowest state is the anti- 
symmetric, spin-down state. Filling the lowest two 
states in this case (symmetric and antisymmetric 
spin-down) we obtain the F or ferromagnetic state. 
Thus, as the Zeeman energy is varied compared to 
the symmetric-antisymmetric splitting there is a 
transition from a singlet to a ferromagnetic state, 
as shown in Figure 3. 

2.2. v — 2 states Again we now imagine extend- 
ing our double well with two electrons to a two 
dimensional bilaycr. Including spin, at each posi- 
tion X in space, there are now four possible state 
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that we can fill, and if we fix our attention to the 
filling fraction v = 2 we now have precisely two 
electrons per position X. In analogy with the case 
of two electrons in a double well (See Fig 3) we 
might imagine having only two phases, the ferro- 
magnetic phase at high ratio of Zeeman energy to 
symmetric-antisymmetric splitting and the singlet 
phase at low ratio of Zeeman energy to symmetric- 
antisymmetric splitting. The wavefunction of the 
ferromagnetic phase naturally can be written as 

I F )=I1 C U C W|0) (20) 

x 

whereas the wavefunction in the singlet phase is 
written as 

|s> =l[(^lix+ vc Rix)( uc hx+ vc mx)\°) ( 21 ) 

X 

where (it, v) is the iso-spinor representing the sym- 
metric superposition. 

Were there not electron-electron interactions, 
the S and F phases would be the entire story. How- 
ever, in the presence of interactions, near the tran- 
sition point between these two phases, it turns out 
that other phases exist[14,15, 16,17,18], including 
so-called "canted" phases, where the spins in the 
two layers are partially aligned — I.e., the spins 
are neither fully aligned as in the F phase, nor 
fully antialigned as in the S phase. Spectroscopic 
experiments have indeed seen very suggestive in- 
dications of phase transitions in v = 2 bilaycrs[5]. 

2.3. The Interlayer Coherent I-Phase: Once 
again, we will focus our attention on the limit of 
vanishing tunnelling between the layers. Reiter- 
ating, if V z is large enough, then both spins will 
be in the spin-down state, and we will have the 
ferromagnetic phase (Eq. 20). On the other hand, 
if energy difference between the two wells Va is 
large enough, then both of the electrons will go 
into a single well and we will have a trivial singlet 
phase with wavefunction 

l s > = Il c WWlo} ( 22 ) 

x 

where we have assumed here that the right well 
(R) has the lower of the two potentials. Note, Eq. 



22 is just the t — > limit of the S phase in Eq. 
21 since what we would call the "symmetric" state 
(the lower of the two single particle eigenstates) is 
just the electron residing in the lower of the two 
wells in this limit. 

As suggested above, the transition between the 
F and S phase is not direct. An interesting phase 
also occurs[15] for intermediate values of V z /Va 
which we call the I-phase which stands for "Inter- 
layer Coherent" phase 9 . The wavefunction of the 
I phase is given by 

\ l )=H(uci lx +^ mx )J RLX \Q) (23) 
x 

where the spinor (u,v) here allows continuous in- 
terpolation between the F phase (u — l,v = 0) 
and the S phase (u = 0,v = 1). 

This wavefunction is clearly quite analogous to 
the v = 1 wavefunction Eq. 3, and much of the 
physics is also the same. As in that case, here there 
is a (Goldstone) phase freedom (the phase ofv/u), 
and an order parameter 

i>x = ( c Lix c mx) ( 24 ) 

As in the v = 1 case, this order parameter indi- 
cates interlayer coherence that is "spontaneous" in 
the sense that it would not occur without electron- 
electron interactions. 

It is worth noting, however, that the coherent 
interlayer tunnelling current here, 

j ~ — i{c { L ^ x c R^x ~ c Rix c Lfx) (25) 

analogous to Eq. 7 involves a spin-flip, and there- 
fore should be extremely suppressed in experi- 
ments. To understand this suppression we need 
only realize that, in the absence of spin-orbit 
terms, which are usually weak, the total spin angu- 
lar momentum of the system is precisely conserved 
which completely forbids spin-flip tunnelling cur- 
rent. When one adds back in the weak spin-orbit 
terms, the spin angular momentum is "almost" 
conserved meaning that spin-flips can only occur 
very occasionally — which strongly limits the in- 
terlayer spin-flip current even if there is such a 
low-bias Josephson-like contribution. 

9 The I phase is the t — > limit of a canted phase[15,16]. 
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2.4. Exciton Language Analogous to the v = 1 
wavefunction Eq. 3 the I-state can be written in 
the language of excitons. We can write the wave- 
function for the I-phasc in cither of two forms. The 
first form is built on top of the ferromagnetic phase 
(Eq. 20 

\I)=H(u + ^ mx c Llx )\F) (26) 
x 

and the exciton b x — c R ^ x c L ^ x now carr i es spin. 
The other equivalent possibility is to build the state 
on top of the singlet phase (Eq. 22) 

ii}=n^ c L* c K T x+£)is> ( 2? ) 

X 

where the exicton-boson is then b x = c L ^ x c R ^ x = 
bx which again is just the conjugate of the above 
exciton definition. These two possibilities are, of 
course, analogous to the two ways of writing the 
v = 1 state (Eq. 11 and 13). In either language, the 
excitons form a coherent state, and the superfluid 
mode of these particles (the Goldstone mode of the 
phase degree of freedom oiv/u) involves counter- 
propagating currents of opposite spins in the op- 
posite layers. As of yet, there have been no exper- 
iments to try to observe such a superfluid current. 

2.5. First Quantized Language Finally, it is 
worth pointing out that the I-phase has a very 
simple first quantized form analogous to Eq. 18 
above. We define with i = 1, . . . , N to be the 
positions of the spin-down electrons in the right 
layer, z-\i with i = 1, . . . , Nl to be the positions 
of the spin-up electrons in the right layer, and 
wit with i = 1, . . . , Nr to be the positions of the 
spin-down electrons in the left layer. Here again 
N = Nr + Nl is the total number of positional 
states in the lowest Landau level. Reasoning anal- 
ogous to that of section 1.5 above now yields the 
wavefunction 

*jv k = n {zn-zu) 

i<j<N 

n (*Ti-*Tj) n ( w u- w u) 

i<]<N R i<j<N L 

n - w a) ( 2g ) 

i<N R ;j<N L 



Here, the first term (the first line) gives a filled 
Landau level of spin down electrons in the right 
layer, and the terms on the second and third line 
are analogous to the pieces of the wavefunction of 
Eq. 18. As required by Fermi statistics, the wave- 
function vanishes whenever two electrons with the 
same spin state come to the same position in the 
same layer (if any two zj/s come to the same posi- 
tion or if any two z-\ 's come to the same position, or 
if any two w^s come to the same position). Again, 
the interesting piece of this wavefunction is the fi- 
nal term which forces the wavefunction to also van- 
ish if an up-spin electron in one layer z-[ comes to 
the same position as a down-spin electron in the 
opposite layer w± — which is just the up-spin elec- 
tron binding to the down-spin hole in the opposite 
layer. 



3. The Tip of The Iceberg 

The physics discussed above in this paper just 
scratches the surface of the interesting physics that 
can occur in bilayers — the possible phase space 
of states that one can explore in this system is 
quite large. In the current paper we have looked 
at v = 1 and v = 2 and considered mainly the 
limit of t — > 0. We have considered (albeit briefly) 
variation of several parameters including the inter- 
layer bias V z , the Zeeman energy V z , and the dis- 
tance between the two layers. More generally, one 
could imagine exploring a much bigger phase space 
where we also imagine varying the filling fraction 
v, the tunnelling t, the Zeeman energy V z , the in- 
terlayer bias Va, the temperature, the disorder, 
the in-plane magentic field 10 as well as a num- 
ber of other less obvious experimental parameters 
(For example, we could tweak the effective inter- 
action by changing the quantum well width, or we 
could change the spin-orbit coupling by using holes 
rather than electrons). Some pieces of this larger 
phase space have been studied already [1-18], but 
others still are waiting for more complete analysis. 



10 Once the tunnelling is nonzero, magnetic field directed 
in the plane of the sample can greatly change the nature of 
ground state, since electrons accumulate Aharanov-Bohm 
phases when they tunnel between the layers. 
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It is worth emphasizing, however, that the inter- 
est in bilayers does not rest solely on the fact that 
there are so many parameters to play with. Much 
more important is the fact that the physics of these 
bilayer systems is new and exciting — blending the 
effects of quantum mechanics, statistical physics, 
and many body interactions in unique and novel 
ways. Over the last decade, experiment and theory 
have had a rare and delightful synergy in pushing 
knowledge forward. It seems quite clear that this 
will remain a productive and active field for years 
to come. 
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